Groundwater pollution may occur due to human activities, industrial effluents, cemeteries, mine spoils, etc. This paper deals with one-dimensional mathematical modeling of solute transport in finite aquifers. The governing equation for solute transport by unsteady groundwater flow is solved analytically by the Laplace transform technique. Initially, the aquifer is subjected to the spatially dependent source concentration with zero-order production. One end of the aquifer receives the source concentration and is represented by a mixed-type boundary condition in the splitting time domain. The concentration gradient at the other end of the porous media is assumed to be zero. The temporally dependent velocity and the dispersion coefficients are considered. A numerical solution is obtained by using an explicit finite difference scheme and compared with the analytical result.
INTRODUCTION
In India, many aquifers are being contaminated by a host of human activities, such as sewage disposal, refuse dumps, pesticides and chemical fertilizer contamination, industrial effluent discharges, and toxic waste disposal (Rausch et In the present work, we focus on one-dimensional solute transport modeling using the ADE in a finite aquifer with first-order decay and zero-order production. To simplify ADE, different transformations were applied. Nondimensional parameters were employed for reducing the number of parameters of the ADE. To predict the pattern of contaminant concentration, different types of unsteady velocities, such as sinusoidal, exponentially decreasing, asymptotic, and algebraic sigmoid, were considered. They helped describe the nature of contaminant concentration in time and space.
MATHEMATICAL FORMULATION
The contaminant transport phenomena in a groundwater layered medium or reservoir, i.e., aquifer, can be predicted by analytical solute transport modeling of the ADE. The modeling depends on the distance as well as time. The dominant process of mass transfer in groundwater is the advection and diffusion; in contrast, it refers to the solute transport through the action of random motions in the groundwater reservoir. The one-dimensional ADE for an isotropic homogeneous finite aquifer with zero-order production and first-order decay can be expressed as: is the zero order production rate coefficients for solute production in the liquid phase, μ[T À1 ] is the first-order decay rate coefficient in the liquid phase, ρ is the bulk density of the porous medium, and n is the porosity of geological formation.
As the contaminant goes from the solid phase into the liquid phase under the linear isotherm condition, we can express mathematically:
where K d is the distribution coefficient, defined as the concentration adsorbed by the solid phase to the liquid phase into the groundwater reservoir, i.e., aquifer.
Equation (1) was solved analytically with appropriate initial and boundary conditions. As the aquifer is not solute free initially, i.e., at t ¼ 0, a linear combination of initial concentration c i and a function of space-dependent along with zero-order production term is considered. The loss or gain of solute mass occurs due to chemical components within the liquid, radioactive decay and biodegradation, and growth due to bacterial activities.
The loss of gain term is usually described through the sources of solute. The solute can grow in liquid phase and the solid phase. Its growth is frequently expressed by a zero-order production. In this study, initially the growth of solute along the space was a linear combination of the initial concentration taken into consideration. This can be written as:
Due to the increasing human activity at the earth surface, the solute concentration in groundwater increases in time. Hence, a mixed type boundary condition in the splitting time domain at the source is considered as follows:
Due to no mass flow at the other end of the domain, a flux type boundary condition is considered as follows:
Using Equation (2), Equation (1) can be written as:
where
The dispersion theory, proposed by Freeze & Cherry (), was employed here. As dispersion is directly proportional to the seepage velocity, i.e., D α u, and so,
A is constant that depends upon the pore geometry of the aquifer. Let u ¼ u 0 f(mt) and
where, u 0 and D 0 are the initial seepage velocity and initial dispersion coefficient, respectively. Also,
where, μ 0 and γ 0 are the initial first-order decay rate coefficient and the initial zero-order production rate coefficient for solute production in the liquid phase, respectively. f(mt) is the non-dimensional expression where m[T À1 ] is the flow resistance coefficient.
Using this concept, Equation (6) can be written as:
A new time variable T Ã (Crank ):
is introduced and Equation (8) can be written as:
The following non-dimensional variables:
are used to reduce the number of parameters of Equation (10) and one can then write:
The initial and boundary conditions given in Equation
(3), Equation (5), and Equation (6) can be written in nondimensional form, respectively, as follows:
Now, the following transformation:
was used to remove the advection term from Equation (12).
The initial and boundary conditions accordingly were transformed and the Laplace transform technique was employed.
The analytical solution can be obtained as follows (see Appendix, available with the online version of this paper):
where (12)) together with the initial and boundary condition transformed in domain Z [0, 1], a suitable space transform was used as:
Equation (12) together with the initial and boundary condition may be written as: 
where superscript j refers to time, subscript i refers to space, ΔT is the time increment, and ΔZ is the space increment.
The space domain Z and time domain T are discretized by a rectangular grid of points (Z i , T j ) with mesh size ΔZ and ΔT , respectively. So, one can write as follows:
The contaminant concentration at a point in space Z i with the jth subinterval of time T was defined by C i,j .
STABILITY CONDITION
The finite difference scheme is convergent if the discretization error approaches zero as the grid spacing ΔT and ΔZ The solution was convergent, subject to the satisfaction of the stability criterion. The finite difference scheme of the governing partial differential Equation (37) can be written as follows:
Equation (41) was expressed in matrix form as:
where A contains the entire constants.
The difference approximation equation was stable if the eigenvalues of A had modulus values less than or equal to unity, i.e., θ j j 1, where θ was the eigenvalue of matrix A.
To find the bounds of the eigenvalues of matrix A on applying the Gerschgorin circle method, the stability criterion for the time step was as follows:
TRUNCATION ERROR
Numerical dispersion was first quantified by Lantz ().
Ataie-Ashtiani et al. () explored the expansion of the
Taylor series of solute concentration along the ADE used for determining the truncation error in one dimension.
Chaudhari () investigated a second-order error through the examination of the truncated Taylor series approximation with explicit finite difference solution of the onedimensional ADE. We also explored the truncation error for the various parameters, such as dispersion, seepage velocity, first-order decay, and zero-order production term.
From Equation (37), we obtained as follows:
From the Taylor series expansion of each term of Equation (47), we obtained as follows:
where C i,j is simply denoted by C.
After imposing the Taylor series expansion on Equation (47), we got the truncation error of the finite difference approximation of order O(ΔT þ ΔZ 2 ). The transport parameters were constant within each combination of time and space increments in finite difference calculations. The second-order temporal derivative of C was written in terms of the spatial derivative of C by using the partial differential equation obtained from Equation (47). We obtained as follows:
Then the partial differential equation obtained from Equation (47) can be written as:
Now, after comparison between Equation (52) The second-order truncation error or numerical dispersion was
The first-order truncation error or numerical seepage velocity was
The zero-order truncation error or numerical first-order decay was
Constant error or numerical zero-order production was
After removing the induced numerical errors from the finite difference model, Equation (52) can be written as follows: 
where ΔC ¼ C analytical À C numerical:
The difference between the analytical and numerical concentration values is denoted by ΔC, and N is the number of data which were used to evaluate the accuracy of the solution.
RESULTS AND DISCUSSION
The analytical solution, obtained by Equations (18) and (19), was computed for the following data (Singh & Kumari ) :
The average porosity of the different geological formation was considered as n ¼ 0.37 (sand), 0.55 (clay) (Freeze & Cherry ) . We considered four different timedependent forms of velocity expressions that can be written as follows:
1. Exponential decreasing form of velocity:
2. Sinusoidal form of velocity:
3. Asymptotic form of velocity:
4. Algebraic form of velocity:
where m is the flow resistance coefficient and k 1 is the constant parameter. The first and third ones have been used by Aral & Liao () , the second one by Singh et al. () , and the last one is based on the properties of the algebraic sigmoid function which include the error function. It starts to progress from a small beginning, accelerates in the rainy season, and then reaches a limit over a period of time.
From Figure 1 it can be seen that the maximum contaminant concentration is observed, i.e., 0.8 in the case of aquitard (i.e., clay) and 0.6 in the case of aquifer (i.e., sand) which are subsequently lowered down to minimum concentration tends to zero at the far end of the domain with respect to the distance, i.e., X ¼ 0:02695 and X ¼ 0:01813, respectively.
The concentration values increases with time at each of the positions in both the media.
Figure 2 depicts the contaminant concentration pattern
for the unsteady sinusoidal form of velocity with zero order production parameter. The effect of this parameter is predicted with respect to the aquifer (i.e., sand). The concentration level decreases with the increasing value of the zero-order production parameter, but the contaminant concentration increases with increasing time. The peak of the contaminant concentration is lower at the source due to the increasing zero-order production parameter. The effective parameters, like zero-order production, first-order decay, etc., in tropical regions are more significant for transport modeling for groundwater bodies. Figure 3 compares the contaminant concentration patterns for exponentially decreasing type unsteady velocity expression in the time domain T > T p between aquifer (i.e., sand) and aquitard (i.e., clay). This is the case when the source has been removed from the aquifer. From this figure it is observed that after removing the source, some initial concentration exists at the origin. As a result, the effect of contaminant concentration increases with distance that attains the maximum peak in the case of the aquitard as compared to the aquifer and then decreases up to a harmless concentration with respect to the distance. The concentration pattern initially decreases with the increasing value of time and after covering some distance it takes the reverse pattern with respect to time in the aquifer and aquitard and ultimately goes to a minimum harmless concentration with respect to distance. From this figure it is observed that the concentration pattern is high in the aquitard as compared to the aquifer. patterns with different Peclet numbers reach minimum concentration with distance. The effect of the Peclet number on the solute concentration is observed with respect to the distance. For high Peclet number, the concentration level takes a minimum distance to reach its minimum concentration, whereas for low Peclet number it takes more distance for the same value. The above discussion is for time domain 0 < T T P for the analytical solution given in Equation (18).
A similar type of concentration pattern was found for the case of the sinusoidal form of unsteady velocity pattern, as shown in Figure 8 . The concentration is high in the aquitard as compared to the aquifer and ultimately goes to a minimum harmless concentration with respect to distance and time. The solute concentration value increases with the increasing value of the Peclet number and the peak of the concentration is reduced with the increasing time. In this paper, the RMS error was used to check the validity of numerical solution against the analytical one, as In both the tables, ΔT was fixed. Tables 1 and 2 were tabulated for the RMS error in the aquifer (i.e., sand) and aquitard (i. e., clay) for four different types of the velocity patterns, respectively. The RMS error decreases with the increasing grid space for the exponential decreasing form of the velocity pattern for the sand medium, which was observed from Case i of Table 1 .
In the asymptotic form of the velocity pattern the RMS error increases with respect to the increasing grid space in Case ii of Table 1 . The RMS error attains its minimum value with the increasing mesh size for Cases i and ii in Table 2 for the clay medium. The RMS error was evaluated for the accuracy of solution for the sinusoidal form of the velocity pattern tabulated in Case i in Table 2 , and for the algebraic sigmoid form of the velocity pattern tabulated in Case ii of Table 2 . In both the velocity patterns the result is more accurate for the maximum value of the mesh size, except in the case of the asymptotic form of the velocity pattern where the result is more accurate in the case of minimum value of the mesh size. sand and clay medium are predicted and shown in Figure 15 , and for 25 years is also predicted and shown in Figure 16 .
VALIDATION OF THE MODEL WITH EXISTING
The concentration values in each of the positions in Input (i) are higher as compared to Input (ii) in both the media as observed in Figure 15 . The clay medium attains maximum concentration values as compared to the sand medium, but both patterns ultimately follow minimum concentration values with their respective distance. After removing the source, contaminant concentration increases with distance up to a certain limit, then decreases with respect to the distance in both the medium for Input (i) and (ii), as seen in Figure 16 . The concentration pattern attains its maximum peak in the case of the aquitard (i.e., clay) as compared to the aquifer (i.e., sand) in both Input (i) and (ii). Initially, minimum concentration 
